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1. Introduction: We very well know that a regular n-polyhedron is the solid which has all its faces as 
congruent regular n-polygons. Each face as a regular n-polygon of any regular polyhedron (out of five platonic 
solids having convex surface) corresponds to the base of a right pyramid with apex point at the centre. Thus, it 
can be divided into a number of congruent elementary right pyramids equal to the number of faces. Here, we 
are to calculate the important parameters as inner radius (R;), outer radius (R,), mean radius (R,,), surface 
area (A,) & volume (V) of a given regular polyhedron just by co-relating the different parameters of 
elementary right pyramids with that of a regular polyhedron. A regular polyhedron always has convex surface 
i.e. any of five platonic solids (i.e. regular tetrahedron, cube, regular octahedron, regular icosahedron, 
regular dodecahedron) 


2. Elementary right pyramid: A right pyramid, having base as a regular n-polygon same as the face of a 
given regular polyhedron & its apex point at the centre of that polyhedron, is called elementary right pyramid 
for that regular polyhedron. Elementary right pyramids of a regular polyhedron are always congruent. Hence, 
by joining all these congruent elementary right pyramids of a regular polyhedron, keeping their apex points 
coincident with each other, the original (parent) polyhedron is obtained or constructed. 


For ease of understanding & calculations for a given regular polyhedron, let’s consider an elementary right 
pyramid having base as a regular n-polygon. Hence, by calculating the vertical height (H), length of lateral 
edge (CA,), area (A;) of regular n-polygonal base (or face), volume (V,) & angle (a) between lateral edges of 
an elementary right pyramid we can easily calculate all the important parameters as inner radius (R,), outer 
radius (R,), mean radius (R,,,), surface area (A,) & volume (V) of a given regular polyhedron. For calculation, 
let’s take the following assumptions/parameters 
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Figure 1: An elementary right pyramid with base as a regular n-polygon is taken out from a regular polyhedron 
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3. Assumptions/Parameters: Let’s us assume the following parameters for a given regular polyhedron 
having all its faces as the congruent regular n-polygons 


n- =no.of faces of regular polyhedron = no. of elementary right pyramids VnpEN& 1 24 
n = no. of sides in each face (i.e. no. of sides in each regular polygon) VnEN&nZ3 
= no. of edges in each face (n,) 
a = angle between any two consecutive lateral edges in the elementary right pyramid 
= Edge angle (parametric angle) of elementary right pyramid (v a= f(n ng) &n< nf) 
a = edge lengthi.e.length of side of each face 
H = normal height of the elementary right pyramid 
w = solid angle subtended by each of the faces at the centre of polyhedron 
= solid angle subtended by elementary right pyramid at its apex point (i.e. centre of polyhedron) 
R, = inner radius (radius of an imaginary spherical surface touching all the faces of polyhedron) 
= H (vertical height of elementary right pyramid) 
R, = outer radius i.e. radius of an imaginary spherical surface pasing through all the vertices 
= length of lateral edge of elementary right pyramid (CA,) 


Rm 
= mean radius (radius of an imaginary spherical surface having volume equal to that of polyhedron) 


A, = surface area of polyhedron = no. of faces x area of face (base of ele. pyramid) = ny X Ay, 
V = volume of polyhedron = no. of faces x volume of elementary right pyramid = ny X V, 


Among all above parameters, angle @ is dependent (as a function) only on the two mutually dependent 


positive integers n & ny. Thus, angle es the deciding parameter for construction ofa regular polyhedron 


Let’s consider an elementary right pyramid with base as a regular polygon A, A,A3 .... A, having ‘n’ no. of sides 
each of length ‘a’, angle between any two consecutive lateral edges ‘a’ & normal height ‘H’ taken out from a 
given regular polyhedron (as shown in the figure 1 above) 


Now, join all the vertices A,,A,,A3,.....A, of base to the centre ‘O’ thus, we obtain ‘n’ no. of congruent 
isosceles triangles AA, OAz, AA,0A3_............AA,0A, 


Now, in right AOMA, 





t aA,OM u 
> tan — 
a OM 
a 
= > = = 
or tan i co since, AA,0A, 


In righthCOM 
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a Ty 2 
=> CM2 = 0C2 +0M?2 or CM = |H2+ (Scot) 
2 n 


1 1t 
> CM= 3 4H? + a?cot? ] bes ee ue cee eee (1) 


In right ACMA, 





> — 
an & 2 CM 
a 
an M or 2 co 2 ( ) 


Now, equating the values of CM from equation (I) & (II), we have 


e = [4H? + 2cot? — 
> — 
aad y) y) a“co - 


On squaring both the sides, we get 


a 1 a 1 
a*cot? a7 4H? + a*cot? — > 4H? =a? (cot? —— cot? —) 
n n 


H Z fe oe 
=— [co —-—cot?— 
2 2 n 


4. Inner (inscribed) radius (R;) of regular polyhedron: It is the radius of an imaginary spherical surface 
touching all the faces of a regular polyhedron, it’s always equal to the normal height (H) of the elementary 
right pyramid thus we have 


5. Outer (circumscribed) radius (R,) of regular polyhedron: It is the radius of an imaginary spherical 
surface passing through all the vertices of a regular polyhedron. It’s is equal to the length of lateral edge of 
elementary right pyramid & is calculated as follows 


In right ACMA, 


MA, 


> si CM = 
sin aA, CA, 





a a 
> CA,= 7 cosec 5 (since, aA,CA, = a) 


5. Surface area (A,) of regular polyhedron: We know that the base of right pyramid is a regular n-polygon 
hence the surface area of regular polyhedron is the sum area of all the faces & is calculated as follows 


Area of isosceles AA, OA, (See above figure 1) 
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1 1 a 1, 8 
= 3 xX (A, A2)(OM) = 2 x (a) (5 cot) = 4° Or 


Since, the base of elementary right pyramid consists of ‘n’ number of isosceles triangles congruent to AA, OA, 
hence the area of the base (i.e. face of regular polyhedron), A, 


1s 1 
=> A, = nx (area of AA,OA,) = nx7a cot = gna Col 


Since, the regular n-polyhedron has ny no. of congruent faces each as a regular n-polygon hence the surface 
area A, of regular n-polyhedron 


1. cg, 1 5.20 
A, = ny X (area of one face, A,) =n X (=n cot *) = qnnya cot — 


6. Volume (V) of regular polyhedron: Volume (V,) of the elementary right pyramid with base as a regular 
n-polygon is calculated by using analogy of right pyramid with a right cone as follows 


1 1 
Vies (area of base)(normal height) = 3 (A,)(H) 


=5(, 9 *) 7 | 125 12 by setting the val H III 
= gna co AIG co 5 co a (by setting the value of H from eq(III)) 
1 1 a 1 
_ Rp ta | 2 _ eot2 — 
74 ne cot— cot 5 cot - 


Since, the regular polyhedron has ny no. of congruent elementary right pyramids hence the volume (V) of 
regular polyhedron is the sum of all these elementary volumes & is given as follows 


V =n, X (volume of elementary right pyramid, V,) 


1 » Ni ae ae 1 4 Fe pa ee 
= x{— _ --— -j=— — = — 
Nf 74 ne co = [co 5 co 7 54 ene co . jco 5 co 
= V = sgrmjatcot™ |cot®S —cot?= Si v1) 


7. Mean radius (R,,,) of regular polyhedron: It is the radius of an imaginary spherical surface whose 
volume is equal to the volume of a given regular polyhedron. Hence it is calculated by equating volume of 
spherical surface to that of regular polyhedron as follows 


At 3 1 . Pl ae ae 
a = —nn-a cot— |co —-— co _ 
ce) aaa n 2 n 
R.° Pe6e cor p27 
> = — nn-a cot— |co == €O = 
m™ 32n n 2 n 


a 
3 


R,, = : : t= | ee pe 
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For finite value of no.of faces (np) > Rj < Rm < Ro 


It implies that a regular polyhedron is equivalent to a spherical surface (or sphere) having a radius equal to 
the mean radius (R,,,) of that regular polyhedron for the same volume. 


8. Need to apply “HCR’s Theory of Polygon” to derive a formula (HCR’s Formula): It is clear from the 


eq(IIl), (IV), (VI) & (VII) that the inner radius, outer radius, volume & mean radius of a regular polyhedron 
depends on a particular parametric angle a@ i.e. edge angle of elementary right pyramid. Hence, in order to 
determine the value of unknown edge angle a, we have to take out an elementary right pyramid from a given 
regular polyhedron which is practically difficult to deconstruct the polyhedron & measure the unknown angle 
(a) with the desired accuracy. Hence, if there is an error in the value of unknown angle @ then there would 
be error in the values of inner radius, outer radius, volume & mean radius of a regular polyhedron. But this 
difficulty is very easily overcome by deriving a formula just named as HCR’s Formula for a regular polyhedron 
to calculate this particular unknown parametric angle a by applying HCR’s Theory of Polygon. This formula 
doesn’t depend on any of the geometrical dimensions of a regular polyhedron but it merely depends on the 


no. of the faces (ng) & no. of the edges in one face (n) hence it’s also called as HCR’s dimensionless 


9. Derivation of HCR’s Formula for regular polyhedron: Value of deciding parametric angle a for 


any regular polyhedron: 


We know from HCR’s theory of polygon, solid angle (w), subtended by a regular polygon (i.e. plane bounded 
by straight lines) having n no. of sides each of length a at any point lying at a normal distance (height) H from 
the centre of plane, is given as 


_ 1 
2Hsin ma 
@ = 2m —2nsin“+ 


4H? + a*cot? - 


(Note: Above result is directly taken without any proof as it has already derived in “HCR’s Theory of Polygon”) 


Since each of the congruent faces, as a regular n-polygon, of regular polyhedron is at a normal distance H from 
the centre, hence by setting the value of H from the eq(IIl) in above formula, we get the value of solid angle 
(w) subtended by each regular n-polygonal face at the centre of given regular polyhedron 


a a w\ . 0 
2(5 |cot?5—cot?—)sin— 
: 2 2 n n 


w = 2m — 2nsin™ 





pA 
cae 22 _ p20 2rpt2 & 
a(§ cot 7 cot *) + a*cot a 


_ 0 a Ta _ 0 a 
sin— |cot? = — cot? — sin— |cot? = — cot? — 
n 2 n n 2 


= 2m — 2nsin“1 


a 
a 1 1 cots 

| 24 ath Pid 
cot 7) cot*—+ cot 2 


= 2m — 2nsin“1 
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sin us 1 ae 
i a TE 1 1 a 
" |tan?s= tan?= sin— |tan? —— tan? 5 
: 2 n ines n n 2 
a = 22 - 2rsin | ——_,—_.-—_ 


a a a TT 
cot > cot>tan>z tan 


1 10 a 
> w = 20 —2nsin“ (cos |tan? — — tan? 5) ited cttivte (VID) 
n n 2 


Since, there are total n,no. of faces as congruent regular n-polygons in a given regular polyhedron hence each 





= 2m — 2nsin™ 


of the faces subtends an equal solid angle (w) at the centre of polyhedron 


. solid angle (w) subtended by each of ny no.of faces at the centre of regular polyhedron 


_ totalsolidangle 41 


Ng Ny 


_ 4a 


> @o see tee cor woes UB) 


ny 


Now, equating both the results from eq(VIII) & eq(IX), we have 


18 Tt a An 
2m — 2nsin-!{ cos— |tan? —— tan? —] = — 
n n 2 Nf 


: 1 TC a 2 
=> 2nsin“1| cos— |tan?-—— tan? =) = 2n|1-— 
n n 2 Nf 

1 TC a _ (a 2 

> cos— |tan*——tan?~= siny—| 1—-—— 

n n 2 n Nf 


> tan*—— tan? -= (squaring both sides) 
2 cos2 — 
sin? 7 (1 - =) 2 sin? 7(1-=) 
1 n n sin n n 
= tan? — = tan? —— ——_____“ - —_“-_ f 
cos? — cos? — cos? = 
n 
sin? —— sin? {E(1 — =) 
n ny 
or tan?-= zr 
2 

cos? — 
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a 18 mt 2 mt 2 
=> tan>=sec— |sinj———|(1——];/sinj—+—-|1-— 
2 n nn Nf non Nf 


since, sin?A — sin?B = sin(A — B)sin(A + B) 





a 1A 21 20 1 1 20 2m (ng — 1 
« tan==sec— |siny—/;siny—|1——]? = sec— |sinj;—y;sinj— 
2 n nN n Nf n NN n Nf 


Above formula is in the generalised form called HCR’s Formula for Regular Polyhedron it is applied on any 
regular polyhedron (any of five existing platonic solids) to calculate the value of unknown parametric angle q@. 
In this formula, there are only two arbitrary constants n &n¢ which are always positive integers & vary 
dependently. Edge angle a of the elementary right pyramid of an existing/constructed regular polyhedron is 
the function of two variables n & n; only i.e. edge angle a@ doesn’t depend on any of the geometrical 
dimensions of a regular polyhedron. 


Thus, we find that the value of unknown edge angle @ of elementary right pyramid of any given regular 
polyhedron is determined simply by counting the no. of faces (n,) & the no. of edges (7) in one face only. 


Note: For more ease of understanding & familiarity of above formula, let the no. of edges in one face be 
denoted/symbolised by n, then HCR’s Formula will take a look as follows 


or a= fen) V remy EN > ng 23, p24 & ny < ry 





Notation (n,) is used only for the sake of better understanding of the symbols used in the formula. All other 
things being the same, but here, we would use first original form only. For desired changes, we have 


nN =no.of faces as congruent regular polygons Vn 24 


nN, = no.of edges or sides in one face of Regular Polyhedron Vn, =3 
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Remember: n, & n,; are mutually dependent positive integers & having particular relation between them for 
an existing regular polyhedron because the existence or non-existence of a regular polyhedron depends on 
these positive integers only i.e. it doesn’t depend on any of the geometrical dimensions of regular polyhedron. 


10. Solution of an existing regular polyhedron: In order to find out the solution of all the parameters as 
inner radius, outer radius, mean radius, surface area & volume of any of five regular polyhedrons i.e. 
platonic solids, three important values of n,n, &a should be known because n & n¢ are always positive 
integers & the no. of edges in one face (n) & the no. of faces (n-) can never be fractions & also can never be 
obtained as the fractions in any reverse calculations relevant to any existing regular polyhedron. Thus, we are 
bounded to these positive integer values with their minimum limits for an existing regular polyhedron. For 
example, if a regular polyhedron has all its faces as congruent pentagons (n = 5) then it will exist only & if 
only it has total twelve no. of congruent regular pentagonal faces (n- = 12) otherwise it would not exist. 
Hence n & n¢ are mutually dependent integers. That’s why there are only five existing regular polyhedrons i.e. 


platonic solids. 
Let’s follow the following steps to calculate all the important parameters of any existing regular polyhedron 


Step 1: First of all, calculate the value of edge angle (a) of elementary right pyramid simply by setting the 
known values of n (no.of edges in one face)& Nf (no. of faces) of a given regular polyhedron in HCR’s 


formula as follows 


a =2tan-! 





Step 2: Set this known value of edge angle (a) of elementary right pyramid in all the necessary formula to 
calculate desired parameters of regular polyhedron as tabulated below 


i Fi a Qa 1 
Inner Radius (R;) > Ri=5 eat — ene 
. a a 
Outer Radius (R,) > a 7 cosec > 


1 
nN, Tm 5a mi 3 
Mean Radius (Rm) > Rm = 4\ 35 cot — |cot* = — cot’ — 


For finite value of no.of faces (np) > Ri < Rm < Ro 


Surface Area (A,) > A, = jnn,a®cot = 


1 1 a 1 
Volume (V) > V =—nn,a3cot — |cot? = — cot? — 
24 n 2 n 
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11. Construction of regular n-polyhedron (platonic solid): 


Construction of an existing regular polyhedron is very simple if we construct its all the congruent elementary 
right pyramids with their known parameters. Before construction of any regular polyhedron, a designer has to 
pre-set the no. of sides (n) in one face & the no. of faces (nf) such that all ny no. of regular n-polygonal faces 
must be exactly interlocked edge-wise to form a closed regular polyhedron (i.e. platonic solid). Although, edge 
length (a) can be modified according to the requirements of inner radius, outer radius, mean radius, surface 
area or volume of a regular polyhedron Let’s follow the following steps to construct an existing regular 
polyhedron (There are total five regular polyhedrons i.e. platonic solids) 


Step 1: First of all, construct the base (i.e. face of polyhedron) of elementary right pyramid as a regular polygon 
with n no. of sides of equal length a (i.e.edge length of face of polyhedron) & each side subtends a plane 


angle (27 /n) radian at the centre of base as a regular n-polygon. 


Step 2: Now, construct each elementary right pyramid with known base & its vertical height H as follows 


a | a 1 
H = inner radius of regular polyhedron = > cot? > cot? . 


& each elementary right pyramid has a volume (V, ) 


/, Sie ria tt poe 
=2=—na~cot— |co =-— co = 
1 24 nv 2 n 


We can fill up the above volume (V, ) with desirable material to construct a solid regular polyhedron. 


Step 3: Now construct total ny no. of congruent elementary right pyramids with the help of above known 
dimensions of regular n-polygonal base & normal height. Paste/bond by overlapping the lateral faces & 
interlocking regular n-polygonal bases of all these n¢ no. of congruent elementary right pyramids keeping their 
apex points coincident with each other to construct the required regular polyhedron. Thus, we can construct 
any regular n-polyhedron (out of total five platonic solids) with the desired dimension i.e. edge length. Thus , 
any of five platonic solids can be easily constructed with desired dimension (edge length). 


12. Important deductions from HCR’s Dimensionless Formula: 


1. Edge angle (a) is a function of arbitrary positive integers n & Ny i.e. a = f(n, nf) from HCR’s Formula hence 
for all the existing regular polyhedrons (five platonic solids) in the universe having equal no. of congruent 
regular n-polygonal faces (nf), the edge angle (a) of their elementary right pyramids is same irrespective of 


their geometrical dimensions like inner radius, outer radius, mean radius, surface area or volume. 


2. If the no. of faces (nf) & the no. of edges in one face (n) in a given regular n-polyhedron are kept constant 
then the value of edge angle @ is not changed at all because it is a function of only two arbitrary positive 
integers n & Nf i.e. a = f(n, nf) from HCR’s Formula. Now the variations in different parameters inner radius, 
outer radius, mean radius, surface area & volume of the regular n-polyhedron can be determined by changing 
the value of edge length (a) as follows 


a. Variation of inner (inscribed) radius (R;) of regular polyhedron 
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a a 1 
R, = 3 [cot? — cot? ea R; x a (edge length) 
= inner radius (R,) is directly proportional to the edge length (a) in a regular polyhedron 


b. Variation of outer (circumscribed) radius (R,) of regular polyhedron 


a a 
R, = 7 cosec 2 =>R, «a (edge length) 


= outer radius (R,) is directly proportional to the edge length (a) in a regular polyhedron 


c. Variation of mean radius (R,,,) of regular polyhedron 


d. Variation of surface area (A,) of regular polyhedron 


1 1 
A, = qin a’ cot — = A, x a?(square of edge length) 


= surface area (A,) is directly proportional to the square of edge length (a) in a regular polyhedron 


e. Variation of volume (V) of regular polyhedron 


V= : 3cot | t? t? V 3(cube of edge l th 

=> _ — - > lod 

54 nny co co 5 co a’ (cube of edge length) 

= volume (V) is directly proportional to the cube of edge length (a) ina regular polyhedron 


Example: A designer is to design an existing regular polyhedron having n¢ no. of congruent regular n-polygonal 
coloured faces but for the clarity of faces of polyhedron he just increased the edge length of all the faces twice 
the original value then the inner, outer & mean radii of polyhedron would be twice the original value. While 
the surface area becomes 27 = 4 times & the volume of polyhedron becomes 2? = 8 times the original value 


Analysis of Platonic Solids 


There are total five existing regular polyhedrons called platonic solids which have all the faces as congruent 
regular n-polygons. Let’s calculate the important parameters of all the five regular polyhedrons (platonic 
solids) as given below by applying formula 


n= 3 &n, = 4: Regular tetrahedron having four congruent faces each as an equilateral triangle. 
n = 4&n, = 6: Regular hexahedron i.e. cube having six congruent faces each as a square. 


1 

2 

3. n=3&n, = 8: Regular octahedron having eight congruent faces each as an equilateral triangle. 

4. n=5&n, = 12: Regular dodecahedron having twelve congruent faces each as a regular pentagon 
5 


n = 3 &n; = 20: Regular icosahedron having twenty congruent faces each as an equilateral triangle 
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We know that a regular tetrahedron is the simplest & the smallest regular polyhedron (out of five platonic 
solids) having four congruent faces each as an equilateral triangle. It can 
be easily constructed by joining four congruent right pyramids with base 
as an equilateral triangle & edge angle (a) (i.e. angle between lateral 
edges of elementary right pyramid). Now, let there be a regular 
tetrahedron having each edge of length a. We can easily find out all the 
parameters of a regular tetrahedron by using HCR’s formula to calculate 
edge angle a as follows 


mam]. (2a). 2n(n¢ —1) 21 
a=2tan"| sec— |sin}—} sin} Va<— 
n nny nny n 





In this case of a regular tetrahedron, we have 
Figure 2: Regular Tetrahedron having four congruent 
n= no.of edges inone face =3 & Np = NO. of faces =4 equilateral triangular faces (n = 3 & nf = 4) 


Now, setting both these integer values in HCR’s Formula, we get 


a=2tan1 





18 21 2m(4—1 18 TU TC 
secy sin {5 7 ;| sin a = 2tan! (sec 3 sin (z} sin 5) 


ft 1 
= 2tan™| 2 />x1])= 2tan“1(V2) = 2 cot"? ia) ~ 109.4712206° 


The above value of edge angle (a) shows that the angle between any two bonds in a tetrahedral structure 
of molecule ex. methane (CH,) 


Now, by setting a = 2 cot™? (7, AY n=3, np =48& edge length = a, all the parameters of a regular 
tetrahedron are calculated as follows 


1. Inner (inscribed) radius (R;) 


= [cot?s oie =5 |( - cot? =5 ae 
n 2 2 


= —— ~ 0.204124145a 
aE 


Hence, the volume (Vinscripeg) of the largest sphere inscribed/trapped in a regular tetrahedron 


5 3 ra? : 
> Vinscribea = smth = 3" (se) = ~ 366 = 0.035626384a 


2. Outer (circumscribed) radius x 
a a a a\* a 1\? a [3 
R, = 5cosec> == |1+ (cot) =5 [it (|) =5 | ~0.612372435a 
Hence, the volume (V.i-cumscribed) Of the smallest sphere circumscribing a regular tetrahedron 
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3 
3 ma? 


4 ? 4 a 3 ? 
> V circumscribed = 3 2 (Ro) = g” 2 2 A. 2 = 0.961912372a 


3. Mean radius (R,,) 





= 0.304145723a 


al 1 1. 
3 3 3 
nes i: wih 3 {1 V3 {1 a 
=) ¢/—— 2) eal j-| =———_- 
2 3 87 .|6 87 .| 6 (snv2) ’3 


fromab l h a ec B 
rom above values, we have —=<——;—~ <= |= 
2V6 (8ry2) /3 242 


” Ri < Rn < Ry 
Mean radius (R,,,) indicates that a regular tetrahedron with edge length a is equivalent to a sphere having a 


7 | eny2) ‘Is 


equal to the mean radius (R,,,) of given regular tetrahedron for the same volume. 


radius equal to R,, i.e. a regular tetrahedron can be replaced by a sphere having a radius 


4. Surface area (A,) 


1 mz 1 TC 1 
A, = ima’ cot— >a (3x 4)a*cot = = 3a? = V3a’? = 1.732050808a? 





v3 
5. Volume (V) 
oo 3 ro 12 pies 3 x 4)acot — (4) 22 
= 54 nna" cot— co 5 co a Od Ja*cot = i co 3 
V Pee ee ee 0.11785113a? 
=— Xe TO Or FF sCSsgT = 2 OU. a 
2 V3.I2 3 2V3.i6 6V2 
(Verification of HCR’s Formula) 
We are much familiar with the geometry of a cube & the results obtained H th 





relevant to a cube can be very easily verified. A cube is also a type of regular he=4 
hg =6 
a=ZA0B 


= 70 3143.6" 


polyhedron called regular hexahedron having six congruent faces each as a 
square. It can be easily constructed by joining six congruent right pyramids 
with base as a square & edge angle (a) angle (i.e. angle between lateral 
edges of elementary right pyramid). Now, let there be a regular hexahedron 
(cube) having each edge of length a. We can easily find out all the 
parameters of a regular tetrahedron (cube) by using HCR’s formula to 
calculate edge angle @ as follows 


‘ ae ‘ 1 
Figure 3: Regular Hexahedron (Cube) having six 
congruent square faces (n = 4 & n; = 6) 
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mum]. (2a). 2n(n¢ = 1) 21 
a =2tan"| sec— |sin}——? sin; —————_ Va<c— 
n nn 


if nny n 
In this case of a regular hexahedron (cube), we have 
n =no.of edges inone face =4 & ne = no.of faces = 6 


Now, setting both these integer values in HCR’s Formula, we get 





meena ve in{ 2 si 2m(6 — 1) pus iT in {=} sin} 
a= 2tan™*| secz |siny a ai sin) aoe = 2tan™ | secz jsin {say sinis5 
= 2tan71(V2Vsin15°sin75°) = 2 tan71(V2sin75°sin15°) 
= 2tan} ( cos(75° — 15°) — cos(75° + 15°) (since, 2sinAsinB = cos(A — B) — cos(A + B)) 


1 1 
= 2tan7!(Vcos60°) = 2 tan“! 5 ) = 2 tan (=) = 2 cot~1(V2) = 70.52877937° 


The above value of edge angle (@) can be experimentally verified by measuring it with the accuracy. 


Now, by setting a = 2 cot-1(v2), n=4, np = 6 & edge length = a, all the parameters of a regular 
hexahedron (cube) are calculated as follows 


1. Inner (inscribed) radius (R;) 


a a T a 2 T a a a 
Ri=5 |cot? = — cope = (v2) ba alr a 2—(1)? =5V1=5=0.5a 


Hence, the volume (Vinscripea) Of the largest sphere inscribed/trapped in a regular hexahedron (cube) 


4 (2) 2 ma? 


4 
> (Viiscribea = gt Ri)° = 37 = “B = 0.523598775a3 
2. Outer (circumscribed) radius (R,) 


rr aa 1+( :#) =2 14¢@/2) == 3 ~ 0.866025403a 
® hs ae cols) =5 ety Pe 


Hence, the volume (V,i+-cumscribed) Of the smallest sphere circumscribing a regular tetrahedron (cube) 





> Veircumscribed = 3 t(Ro)® = 37 2 2 


3 
4 4 (av3 V3na3 
(=) = = 2.720699046a° 


3. Mean radius (R,,,) 





= 
p 


3 3 3\3 
= a(— 2- a) — a(—) = 0.62035049a 
An 41 
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a 
from above values, we have 2 
* Ri < Ry < Ry 


Mean radius (R,,) indicates that a regular hexahedron (cube) with edge length a is equivalent to a sphere 
having a radius equal to the mean radius (R,,) i.e. a regular hexahedron can be replaced by a sphere having 
a radius equal to the mean radius (R,,,) of that regular hexahedron (cube) for the same volume. 


4. Surface area (A,) 
1 mz 1 1 3 P 
A, = Zine cot — =F (4x 6)a*cot 7 = 6a* = 6x (edge length of cube) 
5. Volume (V) 


1 a am 1 1 2 1 
V 3cot— |cot? = — cot? —=-— (4x 6)a*cot— |(v¥2) —co a 
mnpa°cot— |cot* > — cot*— 5a‘ a’ co 4 (v2) —co Z 


~ 24 
= a?V2—1 = a? = (edge length of cube)? 


All the above results of a cube (i.e. regular hexahedron) are well known & are correct. Hence, HCR’s Formula 
for regular polyhedron is verified on the basis of all the results obtained above 


Let there be a regular octahedron having eight congruent faces each as an equilateral triangle & edge length 
a. It can be easily constructed by joining eight congruent right pyramids with base as an equilateral triangle 
having each side equal to edge length a & edge angle (a) (i.e. angle between lateral edges of elementary right 
pyramid). We can easily find out all the parameters of a regular octahedron by using HCR’s formula to calculate 
edge angle @ as follows 


mam]. (2m). 2n(n,¢ —1) 2 
a =2tan™"| sec— |sin}—? sin; ————_ Va<c— 
n nny nny n 


In this case of a regular octahedron, we have 
n=no.of edges inone face =3 & ny = no.of faces =8 


Now, setting both these integer values in HCR’s Formula, we get 


a=2tan?! 





ie inf si 2m(8 — 1) epee etl in{} ; (=) 
secs [siniaefs ax = 2tan sin igs Sit I75 


= 2tan71(2Vsin15°sin105°) = 2 tan-1(V2vV2sin105°sin15°) 
= 2tan71 (v2 cos(105° — 15°) — cos(105° + 15°)) = 2tan-1(Vv2Vcos 90° — cos120°) 


1 
=2tan-1|{ /2 (0 - (- ;)) = 2tan-1(V1) = 2tan-1(1) = 90° 
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=> a=90° = tan = cot— = 1 
= an z= 


Now, by substituting the value of a,n = 3, np =8 & edge length = a, all the parameters of a regular 


octahedron are calculated as follows 


1. Inner (inscribed) radius (R;) 


pues ae ase (1)? ge ee 1 Cy 
1= 5/00 5 co a5 co a5 a 
—% sot [2 _ © | 4 40824829 
Sal Bs de ae . 


Hence, the volume (Vinscripeg) Of the largest sphere inscribed/trapped in a regular octahedron 


4 3.4 (a ma? |2 : 
> Vinscribed = 3 mR) = 3" (75) = 9 1/3 = 0.285011073a 


2. Outer (circumscribed) radius (R,) 


R =e eo 45° =x 2 = +. ~ 0.707106781 
=__— =—-= — =_-— =_-— nw . a 
0 = Zeosec > = 5 cosec 5 7 


Hence, the volume (V.i,-cumscribed) of the smallest sphere circumscribing a regular octahedron 


Age 


4 
> Veircumscribed = zt (Ro)” = 3 3 a? ~ 1.480960979a? 


3. Mean radius (R,,,) 
1 1 
pace? nN 4B ne i 3 (3x8 A (1? any 
m=a 307 on [co 5 co i =a 300 co = co 3 


2 
3 


ee > (4) mis chs 24) -o(—,) Sea acacia 








from above values, we have R; < Rm < R, 


Mean radius (R,,) indicates that a regular octahedron with edge length a is equivalent to a sphere having a 
radius equal to R,,, = 0.482801241a i.e. a regular octahedron can be replaced by a sphere having a radius 
equal to the mean radius (R,,,) of that regular octahedron for the same volume. 


4. Surface area (A,) 


1 mz 1 1a 1 
A, = Zine cot — =a (3x 8)a*cot = 6a? (=) = 2V3a? ~ 3.464101615a2 


5. Volume (V) 
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v2 ’ t= | oe gi sd 3 x 8)a? ae (a) vi 
= 54 nna’ cot— co 5 co = oa Ja" cot = co 3 


1 1 a?\ |2 V2 
ps (—) i (—) = (=) 35 wo ~ 0.47140452a3 





Let there be a regular dodecahedron having twelve congruent faces each as a regular pentagon & edge length 
a. It can be easily constructed by joining twelve congruent right pyramids with base as a regular pentagon 
having each side equal to edge length a & edge angle (a) (i.e. angle between lateral edges of elementary right 
pyramid). We can easily find out all the parameters of a regular dodecahedron by using HCR’s formula to 
calculate edge angle @ as follows 


mam]. (20). 2n(n,¢ —1) 21 
a =2tan"| sec— |sin}—? sin, —-——_ Va<— 
n nny nny n 


In this case of a regular dodecahedron, we have 
n = no.of edges inone face =5 & ny = no.of faces = 12 


Now, setting both these integer values in HCR’s Formula, we get 


ee: uw]. 21 _ (2m(12 —1) aero um |. (2) ; (in) 
a=2tan™| sece |sin}e aaj sini a5 = 2tan™ | seca jsinjoysin 


1 
= 2 tan71(sec36°Vsin6°sin66°) = 2 tan~1 (=ssec36°v 25in66°sine | 


















V2 
= 2tan? (Fs0c36° osteo" — 6°) — cos(66° + 6) = 2tan} (= (=) vVcos 60° — ©0572") 
af? 2 \cos36° 
_ sin18° 
= 2tan} scdatheo YS 2tan“} (substituting the values of sin18° & cos36°) 
2-v5+1 
4 (3 — V5) 3-5 
=2tan-t} |—73————_ ] = 2tan?] |7~——+4 |] =2tan1{ |——— 
5+2v5+1 34+V5 34+V5 
a 16 a\ oz 





= 2tan? __ (3-5) = 2tan? ee = 2tan? (= — *) 
(3 + V5)(3— v5) mn 5 


3—-V5 34+V5 
=> a=2tan"! ; =2cot-! ae 41.8103149° 
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Now, by substituting the value of a,n =5, np = 12 & edge length = a, all the parameters of a regular 
dodecahedron are calculated as follows 


1. Inner (inscribed) radius (R;) 


me ae pet 2 aa/e\< pee 94+5+6V5 =). 
Lape, oo ae ao 2 ee tee oo 4 sin36° 





















W5+1\ \ : 
Ab TRONS 4 _a@ |7+3V5_a /14+6V5_ a |(3+V5) 
=O 9 (49528) ~245-Vv5 2410-2V5  2.10-2V5 
yio7 avs 


345 3+Vv5 
MSS as ASSO: 5s ae ea 


2/10 — 2V5 8sin36° 


Hence, the volume (Vinscribea) Of the largest sphere inscribed/trapped in a regular dodecahedron 


4 4 ((3+V5)a 
> Vinscribed = 3 rR)” = sn 2sin36° 


3 
5 } = 5.783335944a3 


2. Outer (circumscribed) radius (R,) 


. _a a a 1+( 12) =2 P+ 3+V5\ a 9+3V5_ a 3(6 + 2v5) 
go 5 C08bC 5 Cots m5 5) =9 5} =5 mn 
av3 V3(v5+1)a 
= |(v5 + 1) > eae ~ 1.401258538a 


Hence, the volume (V,i+-cumscribea) Of the smallest sphere circumscribing a regular dodecahedron 








=> Veircumscribed = 3 t(Ro)° = 37 ri 


3 
4 4 3(V54+1 
(eee ue) ~ 11.5250661a3 


3. Mean radius (R,,,) 
1 
1 2 3 
NN 1 5a ay 5x12 x |(3+v5 5 
Ry =a . Pees cot Bee = =a Sag oe 2 — cot 5 


3 
2 











15 (oe) 9+5+6V5 (ee) 
81 


sin36° 4 sin36° 


1 


7 =( v5+1 7+3¥5\" 
~ “Ver fio — ave) | 5—V5 
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5 ( (544 jee - 5 ( ree jena 


=al—m— rs =al— ee 
87 \/10 — 2V5/ J 10 — 2v5, 8m \\/10 — 2V5/ 10 — 2V5 


_ _ (15 (2+¥5)(5 + v5) 3 
a Ciceniceea) 





pe (Soe aCe) a ERS) : 
8t\ 10 — 25 ~ *\ an \5 —V5 


1 1 1 

15 (15+ 7V5)\3 15(15 + 7V5)\3 3(15+7V5)\3 

_ (G54 7v5)\" _ (155+ 7Vv5)\" _ | (315+ 7V5)\" soo a93s0830 
4n (25-5) 4n xX 20 161 


from above values, we have R; < Rm < R, 


Mean radius (R,,,) indicates that a regular dodecahedron with edge length a is equivalent to a sphere having 
a radius equal to R,, = 1.223035283a i.e. a regular dodecahedron can be replaced by a sphere having a 
radius equal to the mean radius (R,,,) of that regular dodecahedron for the same volume. 


4. Surface area (A,) 





Aces 2 f= Exige t= = 15a2( 
eae ee Oper a : 


V54+1 V5+1 
= 15a? (=) =15 (=) a? ~ 20.64572881a2 


¥10—2V5 10 —-2V5 


5. Volume (V) 


2 
1 us a cw 1 na |(3+V5 1 
V= 574 MMe cot — [cot®= — cot? — = ria x 12)a*cot — (FS) — cot? — 


5 4 (ee) 9+5+6V5 a. (15 + 7V5) 3 
Ns = ———a 


2° \sin36° 4 sin36° 4 


= 7.663118961a3 








There is only one regular polyhedron having all its faces as congruent regular pentagons called regular 
dodecahedron which has twelve faces as congruent regular pentagons & there is no regular polyhedron 
having all its faces as congruent regular hexagons in the Universe. 





Let there be a regular icosahedron having twenty congruent faces each as an equilateral triangle & edge 
length a. It can be easily constructed by joining twenty congruent right pyramids with base as an equilateral 
triangle having each side equal to edge length a & edge angle (a) (i.e. angle between lateral edges of 
elementary right pyramid). We can easily find out all the parameters of a regular icosahedron by using HCR’s 
formula to calculate edge angle @ as follows 
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mw] (2m). 2n(n,¢ —1) 20 
a =2tan"| sec— |sin}—? sin, —-———_ Va<— 
n nny nny n 


In this case of a regular icosahedron, we have 


n = no. of edges inone face =3 & ne = no.of faces = 20 


Now, setting both these integer values in HCR’s Formula, we get 





\ si Se} = 2tan1{ 2 {sin {=} sin | 


1 21 
= 2tan! — |si { 
Fete MOT Bl Leon 3x 20 30 


3 


= 2tan71(2Vsin6°sin114°) = 2 tan-!(V2V2sin114° sin6? ) 
= 2tan} (v2 cos(114° — 6°) — cos(114? + 6°)) = 2 tan-!(V2,/cos(90° + 18°) — cos120°) 


or a=2tan-! 





Now, by substituting the value of a,n = 3, np = 20 & edge length = a, all the parameters of a regular 
icosahedron are calculated as follows 
1. Inner (inscribed) radius (R;) 


2 
nae 12k ee 345 ee 3475 eae 94+3V5-2 
Be 2 NENG z sac ae a Raa ay 2 6 
_a@ [7+3V5._@ [14+ 6V5 _a |(3+V5) _(3+VB\ nen aay 
sy NGY  2.{ 12. 4 By,  \eaggsa . 


Hence, the volume (V inscribed) Of the largest sphere inscribed/trapped in a regular icosahedron 

















3 


4 34+V5 
a| ~ 1.808183832a3 


> Vinscribed = 3 tRi)” = 37 ets 


2. Outer (circumscribed) radius (R,) 


2 
a aoa 5a a 3475 a |2+3+4+V5 
Ry = 5 cosec 5 = 5 1+ cot 72 1+ 2 “3 a 
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s +V¥5 av10+2V5 
5 = —— = acos18° ~ 0.951056516a 





NI 


4 


Hence, the volume (V,i,-cumscribed) of the smallest sphere circumscribing a regular icosahedron 


4 (se +2V5 : 


= 3.603359442a3 


4 
> Veircumscribed = 3 t(Ro)* = 3 A 


3. Mean radius (R,,,) 


‘ 
ee nny = 2 ae Pee 3 x 20 : 
m = 2| 35 cot [co RTO | El aa OO 








1 
3 
) 34+v75 1 5V¥3 19+3V5-2 
2 3)  “\8n 6 


1 a 
3 2\* 5 
5 17+3Vv5 5 |(3+V5 5(3+v5)\3 
eal ee ee (3+ v5)" ag SC NSD ~ 0.804578596a 
81 2 81 4 167 


from above values, we have R; < Rm < Ry 


Mean radius (R,,,) indicates that a regular icosahedron with edge length a is equivalent to a sphere having a 
radius equal to R,, = 0.804578596 i.e. a regular icosahedron can be replaced by a sphere having a radius 
equal to the mean radius (R,,,) of that regular icosahedron for the same volume. 


4. Surface area (A,) 


A, = ee ae b 16 x 20)a2cot — = 15a? (=) = 5V3a? ~ 8.660254038a2 
aie aes n 4 3 V3 


5. Volume (V) 


y=— 2 a p22 plas 3 x 20)a%cot = 

Sage cot— co 5 co oA Ja*cot = 
3 2(4) 3+V5 1  (5a?\ |7+3V5_ (5a3\ |14+ 6V5 
ee Wal 8 Nos ae 4 


2 
5a3\ |(3+Vv5) 5 
= (=) Gave). 2 (3 + V5)a3 ~ 2.181694991a3 





6 eee 


Conclusion: On the basis of above results, it is concluded that HCR’s Formula can be applied on any of five 
existing regular n-polyhedrons (i.e. platonic solids) The most important parameter of any regular n- 
polyhedron is the edge angle (a) of its congruent elementary right pyramids which is independent of the 
geometrical dimensions of regular polyhedron & this particular parameter is easily calculated simply by 
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counting the no. of edges in one face (n) & the no. of faces (nf). It also concludes that there are only three 
governing parameters of any regular polyhedron as the no. of edges in one face (7), the no. of faces (ng) & 
the edge length (a) if these parameters are known we can calculate all the important parameters of any 
regular polyhedron. 


Applications: This formula is very useful to calculate all the important parameters of any of five regular n- 
polyhedrons, having all its faces as the congruent regular n-polygons, such as inner radius, outer radius, 
mean radius, surface area & volume. It can be used in analysis, designing & modelling of regular n- 


polyhedrons. 
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